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ABSTRACT: The effect of magnetic fields on molecular
configuration of liquid crystalline polymers under shear
flows are numerically analyzed using the extended Doi
theory in which a molecular shape parameter is admitted.
The evolution equation for the probability density function
of the LCP molecules is directly solved without any clo-
sure approximations. One case is considered that the mag-
netic field makes 45� with respect to the flow direction.
We can find that the magnetic fields strongly affect on the

transition among flow-orientation modes, such as tumbling,
wagging, and aligning modes. And a new aligning flow-ori-
entation mode emerges at low shear rate, which is macro-
scopically same as the ordinary aligning mode, but is
microscopically quite different from the ordinary one. VVC 2009
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Key words: polymeric liquid crystal; shear flow; Doi
theory; order parameter; magnetic field

INTRODUCTION

After a development of ultrahigh strength KevlarV
R

fibers, which are made from liquid crystalline poly-
amides by DuPont in 1970, intensive researches
efforts have been achieved to enhance the perform-
ance of polymeric liquid crystalline materials. The
performance, such as tensile strength and modulus,
are strongly depended on the orientation configura-
tion of constitutive molecules. For example, radial
and onion structures are focused on the LCP fibers.
These orientation structures are mainly formed in
the process, where the melt materials flow into dies,
and remain in the final products. For the last few
decades, many researches have been performed on
the molecular orientation in the LCP flows, espe-
cially by means of theoretical and computational
analysis.1–5 One of the major advances in the theo-
retical LCP rheology was made by Doi in 1981, who
extended the theory for semidilute polymeric fluids
to that for concentrated rod-like polymeric fluids.
For simple shear, the exact solutions of the Doi
theory showed that at low shear rates the orientation
distribution function displayed a time-periodic tum-
bling, followed by the steady-state or flow-aligning,
where the director became stationary at high shear

rates.6 And in the region of intermediate shear rates
another different dynamical phenomenon that the
director oscillated about a fixed angle was predicted,
called ‘‘wagging.’’7 These periodic behaviors of the
orientation distribution have a great effect on the
final LCPs products. Therefore, there is much inter-
est in designing and controlling the manufacturing
processes to generate favorable orientation states.
For low molar mass liquid crystal, usually, the par-
ticular molecular orientation adopted by molecules
is fixed by means of imposing a magnetic field (or
an electric field)8–11 or employing the boundary sur-
faces coated with polymers or photopolymers, which
can induce an orientation to the molecules. Both
methods have been extensively applied in liquid
crystal devices to force the special orientation of the
director, such as liquid crystal displays. In contrast,
although a number of simulations predict mold fill-
ing flow and fiber orientation in injection-molded
parts,12–18 few results are known about controlling
the molecular orientation to obtain the uniform
molecular alignment of nematic LCPs in processing.
Using the continuum Leslie–Ericksen equations,
Carlsson and Skarp19 examined the stabilizing effect
of an electric field on the tumbling behavior of a
nematic liquid crystal. Tse and Shine20 studied the
problem of simultaneous electric and shear fields
from the perspective of the two-dimensional distri-
bution function equations following an approach
similar to that of Maffettone and Marrucci.21

In this work, we investigate the phase transition
in LCPs processing induced by application of mag-
netic fields and shear flow with the extended Doi
theory.
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THEORY

The LCP dynamical system used in this study is
subjected to a magnetic field in addition to Hydro-
dynamic, Brownian, and the intermolecular forces.
In the Doi theory, the polymer molecules were mod-
eled as rigid axisymmetric rods with infinite aspect
ratio, and the governing equation for the orientation
distribution function f, which gives the probability
of finding a rod at an orientation within the solid
angle du of the unit vector u, is written as:

@f

@t
¼ Dr

@

@u
:

@

@u
f þ f

@

@u

VðuÞ
kT

� �
� @

@u
: _ufð Þ; (1)

Here,Dr denotes the average rotational diffusivity:

Dr ¼ Ds 1� 3
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where Ds is the rotational diffusivity of an isotropic
state, and the order parameter tensor S, which is the
second moment of the orientation distribution f, is
defined by the following equation:

S ¼
Z

uj j�1

uu� I

3

� �
fdA; (3)

Here, I is a unit tensor. When the effect of the mag-
netic field on the LCP molecules is taken into account,
the mean field potential V(u) in eq. (1) can be
described as a sum of the Maier-Saupe potential and
the potential due to the magnetic field, as follows:

V uð Þ ¼ � 3kTU

2
S : uuð Þ � l0Dv

2
u �Hð Þ2; (4)

where k is the Boltzmann constant, T the absolute tem-
perature, and U the dimensionless nematic potential
intensity. l0 is the permeability of vacuum, H the vec-
tor of the magnetic field, and Dvð¼ vjj � v?Þ the mag-
netic anisotropy. _u in eq. (1) represents the rate of
change of u by the macroscopic flow, given by

_u ¼ W þ bAð Þ � u� u � W þ bAð Þ � uu; (5)

Here W and A are the corresponding rate-of-strain
and velocity tensors.

And, the molecular shape parameter, b, is related
to the aspect ratio, p, namely,

b ¼ p2 � 1

p2 þ 1
: (6)

For the rodlike molecules, b is chosen in the range
of 0–1 with the extended Doi theory. When b ¼ 1.0,
the molecule is infinite; when b ¼ 0, it is a sphere.
The article (Ref. 22) points out that the effect of
reducing the aspect ratio can be quite significant,

such as from 1.0 to 0.8. If the infinite aspect ratio ne-
matic liquid is tumbling, lowering aspect ratio will
only enhance tumbling. However, a flow-aligned in-
finite aspect ratio liquid is transformed by lowering
aspect ratio to either reduce the Leslie angle down-
ward (toward the flow axis) or cause a tumbling
transition. This effect due to aspect ratio has been
explored in Ref. 23 for a variety of mesoscopic clo-
sure approximations to the Doi theory.24

NUMERICAL CALCULATION

We consider simple shear flow, as shown in Figure 1,
where x-axis is the flow direction, y-axis is the direc-
tion of the velocity gradient, and z-axis is coaxial with
the vorticity axis. The material is sheared with the
shear rate of _c in the x-y plane, and the rate-of-strain
and velocity tensors are given by,

A ¼ 1

2
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0 1 0
1 0 0
0 0 0

0
@
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0 1 0
�1 0 0
0 0 0

0
@

1
A (7)

The orientation of a single molecule represented
by a unit vector u is characterized with an azimuthal
angle / and a polar angle y. The orientation distri-
bution function f keeps symmetry with respect to
the x-y plane, when the director which represents
the local average of the molecular orientation always
remains in the shear plane. That is,

f h;/; tð Þ ¼ f p� h;/; tð Þ; (8)

Also, it should be mentioned here that since there
is no distinction between head and tale of the model
rods, the function f must has the point symmetry:

f h;/; tð Þ ¼ f p� h; pþ /; tð Þ; (9)

From above conditions for the distribution func-
tion f, the nonzero components of the order parame-
ter tensor S are:

Figure 1 Geometry and coordinate systems.
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S ¼
Sxx Sxy 0
Sxy Syy 0
0 0 Szz

2
4

3
5: (10)

After nondimensionalization using the time scale 1/
Ds and the magnetic force

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
, eq. (1) for two

dimensional magnetic field [H ¼ (Hx,Hy,0)] becomes
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where

H�
x ¼

Hxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kT= l0Dvð Þp ; (12)

H�
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Hyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kT= l0Dvð Þp ; (13)

_c� ¼ _c
Ds

; (14)

t� ¼ tDs; (15)

The superscript ‘‘*’’ denotes nondimensionalized
variables and parameters. Above equation is com-
puted using the finite difference method for spatial
discretization and the Crank–Nicolson method for
time integration. Because of the conditions, eqs. (8)
and (9), the computation area for f can be restricted
in the region 0 � y � p/2 and �p/2 � / � p/2.
Boundary conditions for the function are:

@f 0;/; t�ð Þ=@h ¼ 0; (16)

@f p=2;/; t�ð Þ=@h ¼ 0; (17)

f h;�p=2; t�ð Þ ¼ f h; p=2; t�ð Þ; (18)

@f h;�p=2; t�ð Þ=@/ ¼ @f h; p=2; t�ð Þ=@/: (19)

The normalization condition,

4

Z p=2

0

dh
Z p

0

d/f sin h ¼ 1; (20)

is also required. An initial profile of the function, f(y,/,t*
¼ 0), is derived from the Boltzmann profile with the
major orientation direction along the x-axis (flow direc-
tion). The time step and the spatial mesh width are set
to be Dt*¼ 0.005/ _c� and Dy¼ D/ ¼ 3�.

RESULTS AND DISCUSSIONS

Computational parameters in eq. (11) are the dimen-
sionless nematic potential intensity U, the dimension-
less magnetic field strength H*, and dimensionless
shear rate _c�. Throughout this article, the nematic
potential intensity U is set to be 5 which corresponds
to the lowest order of the nematic state, to make easy
to see the effect of the magnetic field on the orienta-
tion order. And b ¼ 0.9 is considered in which the
length is about 4.5 times to the diameter. In the fol-
lowing discussions, the computation results for the
orientation distribution function will be mainly
organized in terms of the major orientation angle /m

and the scalar order parameter S, defined by

tan 2/m ¼ 2Sxy

Sxx � Syy
; (21)

and

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
S : S

r
: (22)

In this section, we deal with the case that the mag-
netic field makes 45� with respect to the flow direc-
tion. Both of the shear flow and the magnetic field
are simultaneously imposed at t* ¼ 0.
Figures 2 show the time evolutions of the major

orientation angle /m and scalar order parameter S
for _c� ¼ 3 and H* ¼ 0, 0.7 � 10�6, and 1.4 � 10�6.
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The horizontal axis c represents the strain by the
shear flow, which is equivalent to the dimensionless
time. /m shows the typical tumbling behavior for H*
¼ 0 where /m periodically decreases with c. When
the magnetic field overcomes a critical value, a kind
of behavior like the aligning is represented, in which
/m no longer changes with time. This new aligning
is quite different from the aligning behavior at high
shear rates. As known, although the major orienta-
tion angle in the aligning behavior at high shear rate
remains stationary, the individual molecules con-
tinue rotating. However, the rotation of the individ-
ual molecule is suppressed by the magnetic filed in
the aligning behavior at low shear rate, since the tor-
que on the molecules by the magnetic filed over-
comes the torque by the flow, which is defined by a
new aligning. The behaviors of S reflect the behav-
iors of /m, and the steady value of S for H* ¼ 1.4 �
10�6 is higher than that at the equilibrium state. Fig-
ure 3 shows the time evolutions of the major orienta-
tion angle /m and scalar order parameter S for _c� ¼
5 and H* ¼ 0, 0.7 � 10�6, and 1.4 � 10�6. For H ¼ 0,
the system exhibits the wagging behavior. As the

magnetic field is imposed, for H* ¼ 0.7 � 10�6, the
period of the oscillatory behavior of /m increases
and the amplitude of that decreases. Similar to the
case for _c� ¼ 3, the system shows the new aligning
behavior above a certain critical magnetic field. Fig-
ure 4 is the time evolutions of the major orientation
angle /m and scalar order parameter S for _c� ¼ 20,
at which the system shows the ordinary aligning
behavior for all values of H*. The steady values of
/m and S, increase with increasing H*.
To analyze the influence of H*on the scalar order

parameter, the time-averaged scalar order parameter
S as a function of H* is shown in Figure 5. For _c� ¼
20 and 50, S increases slightly in this magnetic field
strength range. However, for _c� ¼ 3 and 5, S
increases drastically with increasing H*, since the
effect of the magnetic field can easily over the shear
flow effect.
Next, we discuss about the effect of the magnetic

field on the flow-orientation mode transition. Figure
6 represents a flow-orientation mode diagram
spanned by the shear rate _c� and the magnetic field
strength H*. For the case that only the shear flow is

Figure 3 Transient behaviors of /m and S versus strain at
_c� ¼ 5 for various values of H* : H* ¼ 0, 0.7 � 10�6, and
1.4 � 10�6 at b ¼ 0.9.

Figure 2 Transient behaviors of /m and S versus strain at
_c� ¼ 3 for various values of H* : H* ¼ 0, 0.7 � 10�6, and
1.4 � 10�6 at b ¼ 0.9.
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applied to the system (i.e., H* ¼ 0), the tumbling,
wagging, and aligning modes appear depending on
the shear rate. At H* ¼ 0.71 � 10�6, the new align-

ing mode regime emerges at low shear rate. This
new aligning mode regime spreads toward the
higher shear rate with the increase of H*, and takes
over the whole tumbling regime at H* ¼ 0.99 �
10�6. The wagging mode regime also disappears,
when H* is increased up to 1.31 � 10�6. A dashed
line at H* ¼ 1.31 � 10�6 represents the mode transi-
tion shear rate between the new aligning mode and
the ordinary aligning mode. It is expected that his
transition shear rate becomes higher if H* is
increased further more.

CONCLUSIONS

In this article, we have simulated the evolution of
LCP molecular configuration under the shear flow.
In the Doi theory, the molecular configuration is rep-
resented by the probability density function of LCP
molecules, in which the molecular shape parameter
b is considered. The computation results are ana-
lyzed and discussed in terms of the major orienta-
tion direction, the scalar order parameter, and the
flow-orientation mode transitions. When the mag-
netic field is imposed along the direction that makes
45� with respect to the x-axis, the scalar parameter
becomes higher for entire shear rate regime. Also,
the existence of the new aligning state is found at
low shear rate regime in which the effect of the
shear flow prevails the effect of the magnetic force,
and the rotation of individual molecules is
suppressed.
Through this simulation, we obtained the conclu-

sion that the magnetic fields affect not only on the
scalar order parameter and the major orientation
direction, but also on the flow-orientation modes. In
other words, using proper magnetic field, one can
obtain the arbitrary desired molecular orientation

Figure 4 Transient behaviors of /m and S versus strain at
_c� ¼ 20 for various values of H* : H* ¼ 0, 0.7 � 10�6, and
1.4 � 10�6 at b ¼ 0.9.

Figure 5 Effect of magnetic field on average scalar order
parameter (S for various values of shear rates: _c� ¼ 3, 5,
20, and 50 at b ¼ 0.9.

Figure 6 Critical shear rates as a function of magnetic
field at b ¼ 0.9.
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configurations, which enhance the functionality of
the LCP materials.

The authors thank Drs. Tomohiro Tsuji and Shigeomi Chono
for useful discussions.
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